The use of a two-level approximation to simply characterize the nonlinear optical properties of organic materials is well known. Usually only electronic ground states are significantly populated; higher levels are engaged only in the capacity of virtual states, and it is frequently assumed that just one such state dominates in determining the response. Calculating nonlinear optical susceptibilities on this basis, excluding all but the ground and one excited state in a sum-over-states formulation, is a technique widely deployed in the calculation and analysis of nonlinear optical properties. However, the necessity for such an approach is diminishing as, particularly within the last decade, the accuracy of ab initio calculations has reached unprecedented levels. This offers new opportunities for a vigorous test of existing models using real molecular structures. Here we report the results of our recent work on testing the general validity of two-level calculations in nonlinear optics. Firstly, through the extension of approximation to a three-level model we demonstrate that the neglect of additional excited states can lead to substantially erroneous results for the hyperpolarizability elements. Secondly, using high levels of theory and basis set we report the results of ab initio calculations for both ground and electronically excited states of the optimised structures, for selected merocyanine dyes. The results are used for the calculation of hyperpolarizabilities by a rigorous sum-over-states formulation. A systematic comparison with the two-level approach provides a means for identifying the limits of the model and the criteria for its validity.
INTRODUCTION
Quantum electrodynamics (QED) is the analytical tool of choice for the theory describing molecular systems and their interactions with the electromagnetic (EM) field [1] [2] [3] . Although simple optical processes (for example, Rayleigh scattering) are easily described by QED, the primary focus of photophysics research in recent years has been the comprehension of novel nonlinear processes that are yet to be explored by experimentation. 4 The feasibility of applying QED to optically nonlinear organic materials has traditionally been inhibited by a difficulty in calculating the essential properties of higher-energy electronic states, and this is one justification for wide application of a two-level approximation. [5] [6] [7] [8] [9] [10] The theoretical basis for a two-level system rightly has appeal in the context of quantum computing and information theory; the similarity between two-level atoms and qubit operation have been well addressed. 11 Of course, any system that can be appropriately modelled as comprising just two energy levels affords the advantages of calculational simplicity, and having resultant formulae with few enough parameters to realistically be experimentally verifiable. Recent work has shown that application of the ubiquitous two-level approximation to examples of importance in nonlinear optics, and even in simple systems, results in some patently absurd conclusions. 12 Within the last decade the accuracy of ab initio calculations has reached unprecedented levels, presenting an opportunity for the following analysis, in which the two-level model is precisely tested using real molecular structures, namely selected merocyanine dyes.
The focus of our studies is a calculation of molecular hyperpolarizabilities -the tensor parameters that determine the propensity of a material to convert two photons of laser input at a fundamental frequency to one photon of a second harmonic. With the typical intensities of pulsed laser light, the probability for two or more photons, within the limits of quantum uncertainty, to interact simultaneously with each optically distinct center becomes significant. Thus, any model where the available energy from the electromagnetic field spans the gap between states other than those close to the single photon energy quantum requires extreme caution before implementation. Although the nonlinear materials best suited for frequency conversion generally have complicated energy level structures, the two-level approximation has been widely applied [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] -largely due to the fact that the media involved are generally subjected to substantially offresonant input radiation. As such, it is usually only the electronic ground state of the conversion material that is significantly populated; higher levels are engaged only in the capacity of virtual states.
The two-level approximation offers simple representations of molecular response that relate well to established concepts of chemical structure and is the origin of the oft-proven connection between 'push-pull' chromophores [29] [30] [31] [32] [33] [34] [35] (those facilitating intramolecular electron transfer) and enhanced susceptibility to second harmonic generation. It has been noted that, although a two-level model can be suitably employed, it is often applied without regard to the criteria for its validity. Thus, it is of utmost importance to determine when, and to what degree, a system can be approximated as consisting of just two energy levels. In this paper, computational calculations are used to obtain ab initio numerical results for the second harmonic generation (SHG) hyperpolarizability tensor of two similar molecules. We compare the results when modelled under the two-level approximation to those obtained when additional background terms are taken into account.
BACKGROUND PRINCIPLES
For the systems discussed in this paper, intramolecular Coulomb binding energies are much greater than the coupling to radiation. Therefore, molecule-photon interactions are treated by perturbation methods in a non-relativistic QED framework.
1 Cast in terms of the multipolar interaction Hamiltonian, the quantum amplitude FI M couples the initial and final states of the system. Determined from time-dependent perturbation theory, the FI M is generated from the following infinite series:
where I and F represent the respective initial and final system states, with capital letters denoting states that are composed of molecular and radiation parts; note that the Hamiltonian operator int H acts upon both. Moreover,
is the unperturbed system Hamiltonian and I E % is the energy of the initial state including a damping factor. To proceed further, the next step involves the implementation of the completeness relation 1
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where the intermediate virtual states are denoted by R , S , T ... upon which 0 H operates, and E n is the energy of a state indicated by its subscript -tildes denoting the inclusion of a damping factor, i 2 γ , where γ is the FWHM line-width.
The interaction Hamiltonian H int is linear in the electromagnetic fields, for which the corresponding field expansions are also linear in the photon creation and annihilation operators. Thus, the n th term in the above expansion delivers the leading contribution to the quantum amplitude for any process involving n photons. Furthermore, considering the operator structure of those electromagnetic fields, it is clear that each contribution to the quantum amplitude, for a component located at
where ħk is difference between the final and the initial wave-vector sum of the photons involved in the process, reflecting the number of photon creations and annihilations. It follows that for a specific n-photon process the quantum amplitude ( ) n FI M appears as a linear combination of scalar terms, each the inner product of a radiation tensor (generally a product of mode polarization vector components) and a molecular tensor -a generalized optical susceptibility. However, in the general case even simplification does not permit further progress, it is therefore suitable to focus on leading terms. We therefore write
In equation (3), the radiation tensor
K comprises an outer product of polarization components for the electromagnetic waves involved in the process, and the corresponding optical susceptibility tensor
in a position-independent form that entails a product of n molecular transition integrals. For the molecules discussed in this paper it will prove most informative to consider the hyperpolarizability tensor ( )
responsible for second harmonic generation. It is sufficient to proceed using the electric dipole approximation in the multipolar formalism, the transition/static dipole moments denoted by .
The transition dipole moments are assumed to be realas is always possible by suitably choosing a basis set for the molecular wavefunctions, and are denoted
where u is the first excited energy level and u′ is a third level.
TWO-LEVEL MODEL FOR OPTICAL SUSCEPTIBILITIES
By standard methods, 1, 3 determining the hyperpolarizability components, 00 ijk β , from the third term of Eq. (2) delivers the following expression, comprising three terms that relate to the time-order permutations of the three photon events (the annihilations of two fundamental frequency photons, and the creation of one harmonic photon): 
where, the index i is assigned to emission and j,k to absorption, 0 0 r r ≡ μ μ denotes a transition dipole moment, and ⎦ can be used in this instance to form a fully j, k symmetric tensor. The summation over the virtual states, in (4), which denote electronically excited energy levels, is the vital aspect of the following discussion.
Truncation of the virtual state summation
For calculational expediency, it is common practice to limit the summation over virtual states in Eq. (4) by imposing a ceiling of energy for the electronic levels, truncating the summations at a judiciously chosen number of levels. In this case, the sum of contributions that would be generated by the inclusion of all other levels is regarded as a background (BG) term. When a calculation is performed with inclusion of only the first electronic excited state, a two-level approximation is thereby effected. Despite its widespread utility, there are nonetheless good reasons to doubt the validity of the two-level approximation in some applications. For example it has recently been shown that, unless one proceeds with extreme caution, the use of the completeness relation along with the two-level approximation -that is, without a complete basis set -can result in patently absurd conclusions. 11 In the present context of perturbative applications such as those leading to a molecular hyperpolarizability -within which the necessary introduction of the completeness relation has been pointed out above -one therefore has to question the accuracy of the results that emerge. To this end, we shall first identify in general terms the significance of extending calculation to include a third (next highest) energy level, and then we shall analyze in more detail a specific type of dye molecule, for which calculational results have been performed both with and without the deployment of TLA.
First we address the two-level result, noting that in the case where both intermediate states are identified with the ground state 0 , the three terms generated by Eq. (4) cancel (a feature that forms the basis for a well-known algorithmic method [37] [38] [39] [40] ). In fact the TLA result for the hyperpolarizability emerges in the following form:
revealing that the dependence on the ground and excited state moments entails only their vector difference,
Nonetheless with certain configurations of the electronic levels, the two-level model is clearly likely to fail, even by reference to the additional inclusion of one further electronic excited state. This may be illustrated by redefining the earlier expression, Eq. (4), in terms of variables whose significance is evident from Fig. 1 : 
By inspection of this expression, it becomes apparent that the 10 th term is the most significant under conditions that generate the smallest values of the 's E Δ % , namely energy values well below that of a typical electronic transition. This is because all the terms except 1, 4, 7 and 10 will have a large denominator, and it is only in the 10 th term that both denominator factors may be diminished (i.e. small In earlier work 41 it was noted that an expedient way to visualize the scale of correction represented by the additional inclusion of terms involving the third level u', was to observe a contour plot based on the magnitude of the terms of , h is the energy of the input beam and u, u' denote the first and second excited levels;
generates a representation that can be used to illustrate the extent to which the TLA result is credible. On such a graph the TLA is proved to be an unacceptable model if the value of β ′ is more than 100% -that is, the additional contribution produced by even one extra energy level becomes more significant than the two-level terms. For application to a specific type of molecule the present analysis is a significant advance on this approach, whose generic utility was reliant upon an assumption that all transition dipoles and d components could be considered of comparable magnitude. Calculations on merocyanine molecules not only fail to satisfy this criterion; the departures from TLA results which they exhibit also prove to be very much larger in magnitude than the earlier graphical depiction would accommodate.
Calculations on merocyanines
Two compounds from the merocyanine class of laser dyes have been used as a basis for ab initio calculations; these are shown in Fig. 2 . Molecule 1 is Brooker's dye, 1-methyl-4-[(oxocyclohexadienylidene)ethylidene]-1,4-dihydropyridine, and molecule 2 is the derivative 1-methyl-4-[(dicyanomethylidene)hexadienylidene]-1,4-dihydropyridine. Calculating the values of the hyperpolarizability components for these two species as a function of input frequency provides for the construction of the plots featured in Fig. 3 . The background terms computed for the plot take into account the first twenty electronic excited states of the merocyanine dyes, allowing for a complete comparison of the TLA to a more complete analysis. All calculations were performed using the Gaussian 03 42 computational package. Ground state structures of the merocyanine compounds were geometry optimized using the crystal structures as a starting point, using the three parameter exchange functional of Becke 43 (B3) and the correlation functional of Lee, Yang, and Parr (LYP), B3LYP 44 with the triple-zeta split valence basis set, 6-311++G(d,p). The molecular structures were confirmed as minima through frequency calculations, and in each case these structures were used throughout the excited state calculations. The electronic excited states were investigated using configuration interaction singles (CIS) 45 method with the 6-311++g(d,p) basis set. For each merocyanine the first 20 excitations were calculated and used in subsequent calculations and analysis.
A computer simulation program has been developed to enable calculation of the hyperpolarizability tensor components from ab initio results for a range of frequency values. Results have been determined both using the complete sum-overstates formulation with twenty electronic levels, and with the two-level approximation in accordance with Eq.s (4) and (5), respectively. The resonance damping factor has been arbitrarily set at 200 cm -1 , this value being chosen to prevent overlapping electronic states whilst maintaining a realistic line shape. In reality the damping factor varies for each excited state; however these values are not especially amenable to calculation and, in fact, the presented conclusions are not sensitive to the precise value.
The ratio parameters β ′ have also been determined and plotted. Fig. 3 shows results for the cube-diagonal components of compound 1. Fig. 4 shows the corresponding results for 2, and Fig. 5 portrays the dispersion properties of off-diagonal components for both dye molecules. 
DISCUSSION
In each molecular system, the static electric dipole moments for both the ground and the first excited state (whose coupling is also responsible for the most intense transition) are mainly disposed along the z-axis. In addition, the transition dipole moments between these states are along the same axis. This makes the relative error-gauging parameters xxx β ′ and yyy β ′ much larger in magnitude than zzz β ′ (by several orders of magnitude over almost the entire range of frequency values) due to the involvement of transition dipole matrix elements along directions x and y. Such transverse transition moments are negligibly small in the two-level approximation, compared to the contributing terms along the longitudinal axis z.
On all of the graphs exhibited in Figs 3-5 , the most prominent features arise from a strong response associated with the approach to various one-and two-photon resonances. Nonetheless it is clearly evident from these results that, even in regions not approaching resonance, the correction factor for the principal z component of the hyperpolarizability can be substantial. Even in those cases, the error-gauging values can easily exceed 100% -signifying that the contribution to the β from background terms significantly outweigh the TLA terms.
The conclusion of these studies suggests that, as indicated in our earlier, generic analysis, TLA calculations of molecular hyperpolarizabilities are potentially likely to generate substantially misleading results. Whilst our specific results for the essentially axial components of compounds 1 and 2 indicate some residual TLA validity, the other results reveal errors far exceeding the scale of those we had previously anticipated. This also indicates that determining the validity of the approximation using contour plots of electronic level placement is insufficient to produce a realistic assessment. Notwithstanding the calculational simplicity of TLA and its facility to generate a chemically intuitive understanding of hyperpolarizability, it has to be concluded that realistic calculations generally require the inclusion of a significantly larger set of electronic levels.
